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ABSTRACT 

In  this  paper  we  study  the  existence  of  nontrivial  solutions  for  the 
boundary  value  problem 

f"-Au-Xu-u  ju!2  2  =  0  in  fl 

1  u  =0  on  3S! 

when  fl  C  Rn  is  a  bounded  domain,  n  >  3,  2*  =  ~2  cr^fcical  exponent 

for  the  Sobolev  embedding  Hg(fl)  LP(fl),  X  is  a  real  parameter. 

We  prove  that  there  is  bifurcation  from  any  eigenvalue  X^  of  -A  and 
we  give  an  estimate  of  the  left  neighborhoods  ]X^*,  X^]  of  X^(  j  e  N,  in 
which  the  bifurcation  branch  can  be  extended.  Moreover  we  prove  that,  if 
X  e  ]  the  number  of  nontrivial  solutions  is  at  least  twice  the 

multiplicity  of  X^. 

The  same  kind  of  results  holds  also  when  fl  is  a  compact  Riemannian 
manifold  of  dimension  n  >  3,  without  boundary  and  A  is  the  relative 
Laplace-Beltrami  operator . 
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critical  points,  eigenvalue,  variational  problem,  Riemannian 
manifold 

Work  Unit  Number  1  (Applied  Analysis) 


1,2)  Supported  by  Ministero  P.I.  (Italy)  and  by  G.N.A.F.A.  (CNR). 

3)  Supported  by  SFB72  of  the  Deutsche  Forschungsgemeinschaft.  The  third 
author  is  indebted  to  the  university  of  Bari  for  its  kind  hospitality. 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041. 


J 


i 


SIGNIFICANCE  AND  EXPLANATION 


V' 

This  paper  deals  with  the  problem  of  existence  of  nontrivial  solutions 
for  a  nonlinear  elliptic  boundary  value  problem  in  which  the  nonlinear  term 
involves  the  "critical  Sobolev  exponent  ,  which  is  associated  with  a  loss  of 
compactness.  Itie  motivation  for  investigating  this  type  of  problem  comes  from 
the  fact  that  mathematical  models  of  some  interesting  problems  in  geometry 
(Yamabe's  problem)  and  in  physics  (existence  of  nonminimal  solutions  for  Yang- 
Mills  functionals)  have  this  character  and  involve  a  lack  of  compactness. 
Variational  arguments  are  used  here  to  prove  some  bifurcation  and  multiplicity 
results  for  these  problems. 

r* 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  authors  of  this  report. 


BIFURCATION  AND  MULTIPLICITY  RESULTS  FOR  NONLINEAR 


ELLIPTIC  PROBLEMS  INVOLVING  CRITICAL  SOBOLEV  EXPONENTS 

Giovanna  Cerami’*,  Donato  Fortunato2),  and  Michael  Struve3 J 

Introduction 

Let  tl  be  a  bounded  domain  In  R° ,  n>3,  2*»  -~E.  the  critical  exponent  for  the 
Sobolev  embedding  (0)  ♦  L^(fl).  For  a  real  parameter  1  e  R  consider  the  boundary 

value  problem 

I  -Au-Xu-u |u| 2  2  m  o  in  0 

(0.1)  / 

1  u,«(l  "  0 

corresponding  to  the  functional  f ^  :hJ(0)  ♦  R  given  by 

(0.2)  fx(u)  -  V2/n(  |Vu|2-X|u|2)dx  -  1/2*  /fl|ul2*dx 

1  2* 

Since  the  embedding  H^HJ+L  (0)  is  not  compact  the  functional  fx  in  general  will  not 
satisfy  the  Palais-Smale  condition. 

However,  recently  Brezis  and  Nirenberg  (5]  were  able  to  establish  the  existence  of 
positive  solutions  of  (0.1)  for  any  X  in  a  certain  range  )X*,X1t  ,  where 
Xj,  i  «  ■  (X,  <  X2  <  •••  <  Xk)  ,  denote  the  eigenvalues  of  the  operator 
-A.-hJ(D)  ♦  H  ’(0)  “  (Hp(0))*,  and  X*>0  is  some  constant  depending  on  n  and  0. 

In  this  paper  we  study  the  existence  of  nontrivial  solutions  for  (0.1)  also  for 
X  >  X1  to  obtain  bifurcation  from  any  eigenvalue  X  ^ .  He  give  an  estimate  of  the  left 

1,2)  Supported  by  Ministero  P.I.  (Italy)  and  by  g.N.A.f.A.  (CNR). 

3)  Supported  by  SFB72  of  the  Deutsche  FOrschungsgemeinschaft.  The  third  author  is 
indebted  to  the  University  of  Bari  for  its  kind  hospitality 

Sponsored  by  the  united  States  Army  under  Contract  No.  DAAG29-80-C-0041. 


moreover  wa  prove  that.  If  X  e  ]X*,  X^(,  tha  numbar  of  nontrivial  solutions  of  (0.1)  is 
at  laast  twice  tha  multiplicity  of  X^  (cp.  Theorem  1.1). 

Our  rasults  ara  based  on  tha  observation  that  although  tha  Palais-Smale  condition  does  not 
hold  globally  for  f^  (cp  Remark  2.3)  it  is  satisfied  locally  in  a  certain  energy  range 
(cp.  Leva  2.1  or  [5,  Remark  2.2]). 

He  observe  that  tha  tools  used  in  proving  tha  above  results  do  not  depend  on  the  shape  of 
0  and  on  the  dimension  n. 

Hith  suitable  modifications  the  existence  and  bifurcation  results  also  apply  to  problem 
(0.1)  posed  on  a  compact  Riemmanian  manifold  without  boundary  of  dimension  n  >  3 
(cp.  Theorem  1.3). 

He  thank  Prof.  H.  Bret is  for  his  useful  comments. 


1.  Results ■ 


tat  lul  “  (  J  |Vu|2dx)^  ,  tut  »  (  /  |u|p<lx)1/p  denote  the  norae  in  H.1  (0), 

a  p  a 

respectively,  and  let 

S  »  inf  (lul2/  |u|2.  :  u  e  h’  (0)  X  {0}} 

1  2* 

denote  the  beet  constant  for  the  embedding  HQ(n)  ♦  t  (0). 

Theorem  1,1:  For  X  >  0  let  X+  -  min  {X^|X<Xj},  and  suppose 
X+  -  X  <  S  [me as  (fl)]"2/n 

Let  m  be  the  multiplicity  of  X+.  Then  problem  (0.1)  admits  at  least  m  pairs  of 
nontrivial  solutions 

(u^d),  -u^lX )}  k  »  1,...,m 

such  that 

lu^Xjl  •»  0  as  X  +  X+.  ^ 

Remark  1.2»  If  0  is  starshaped,  it  is  well  known  that  (0.1)  admits  only  the  trivial 
solution  for  X  <  0  (cp  [5],  (8]). 

A  result  analogous  to  Theorem  1.1  holds  for  the  problem 

(1.1)  -A^u  -  Xu  -  u|u| 2  ~2  -  0 

on  a  compact  Rlemannian  manifold  M  of  dimension  >  3  and  without  boundary.  Here  A^ 
is  the  Laplace-Beltrami  operator  on  N,  X  >  0  a  parameter  and  2*  ”  £  as  before. 

Denote  by  H '  (M)  the  closure  of  C**(N)  with  respect  to  the  norm 

lul,,  -  (  j  ( |Vu| 2  +  |u|2)dM)^ 

M  M 
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which  in  local  coordinate*  on  a  covering  f*h)  of  M  i*  givan  by 


lul. 


<  U 

h  T. 


.  {  , 


,ij 


8u  Ju  , 

Tx^ 


|u|  )  /~q  dx> 


ft 


glJ  denoting  the  Metric  tenaor,  and  g  “  det  (g1^).  Note  that  the  quadratic  for* 

J  |Vu|2dM  i*  only  poaitive  aenidefinite  in  H1 (M),  then  the  operator 
-  Ajj  i  H1  (M)  ♦  H_1  dOt-U^OO)' 

poaaeaaea  eigenvalue*  u 1  <  u2  *  <*‘*  wh^eh  *r*  *  ®  *CP-  *PP*n^X*  1  ot  1*1  ^ 


Theorem  1.3.  For  1  >  0  let  u+  “  min  {y^|X  <  X^)  and  auppoae 

U.  -  X  <  8  (  J  dH)"2/n 
H 

tat  ■  be  the  Multiplicity  of  Then  problem  (1.1)  admit*  at  lea*t  m  pair* 

nonconatant  aolutlona 

“  Uj^tX)}  It  * 


of 


■uch  that 


2.  Proof  of  ‘ftieorems  1.1,  1.3 


The  proof  of  Theorem  1.1  requires  some  lemmata 

Le—a  2«1»  For  any  X  e  K  the  functional  f ^  (seel 0. 2 ) )  satisfies  the  Palals-Smale 
condition  in  ]■*•»  j  Sn^2(  in  the  following  sensei 

(P.S. )  _If  c  <  ^  s"/2  and  (Ujj,)  is  a  sequence  in  Hg  (0)  such  that  as  m  *  » 

f^fu^)  *  c»  df^u^)  *  °  *trongly  in  H  ^  (Q),  then  {u^)  contains  a  subsequence 
converging  strongly  in  hJ(B). 

Remark  2.2.  An  analogous  result  has  been  proved  in  (5].  Nevertheless  for  completeness  we 
give  here  a  proof  of  lens  2.1  which  is  slightly  different  from  that  contained  in  [5]. 

Proof.  Let  X  «  R,  and  suppose  {uj  is  a  sequence  in  hJ(D)  such  that  as  m  ♦  • 

(2.1)  fx(uB)  *  c,  <  i  5n/2 

(2.2)  df.(u  )  ♦  0  strongly  in  H-1(fl) 

a  m 

Aa  in  (5,  estimates  (2.18)]  from  (2.1),  (2.2)  we  obtain  that 

(2.3)  Ou^t}  bouRded 

Bence  we  may  extract  a  subsequence  {u^}  (relabeled)  such  that 

(2.4)  um  *  u  in 


(2.S) 


u  *  u  strongly  in  L^d))  for  any  p  e  [1,2*[ 


Moreover  u  is  a  solution  of  (0.1).  Indeed,  lotting  tec"  (0),  by  (2.4),  (2.S)  and 
(2.2)  we  deduce  that 

<  dfx(u),  ♦  >  -  <  «x(ua)'  ♦  *  *  ot,)  "  0(1) 

Hanca  u  weakly  solves  (0.1).  But  by  raqularlty  raaulta  (cp.(5],  [6],  [7],  and  (10))  It 
follows  that 

(2.6)  u  e  l"{0) 

and  hanca  that  u  Is  ragular  and  la  a  solution  of  (0.1)  In  tha  classical  Sanaa. 

To  show  that  u^  ♦  u  strongly  In  h’  (0)  as  a  ♦  *,  1st  vB  -  u^  -  u.  Tasting  (2.2) 
with  v  wa  obtain 

B 

(2.7)  o(1>  -  <  df.(u  ),  v  >  - 

A  B  81 

“  J (VuVv  +  |Vv  |2  -  X(u+v)v  -  |u  ♦  v| 2*-2(u+v)v)  dx 

q  B  B  BIB  B  BB 

By  (2.4)  and  (2.5)  we  hava 

(2.8)  J$)l7o7vm  ”  +  Ym,vm,<lx  “  0(11 

Whanca  from  (2.7),  (2.8)  wa  deduce  that 

(2.9)  lv  1 2  •  J  |u  +  v  | 2*_2<u+v)v  dx  ♦  o(1) 

B  q  B  B  B 

Now  ws  clala  that 

(2.10)  lvnl2  -  IvJ2*  ♦  o(1) 

In  fact,  by  using  (2.5)  and  (2.6),  we  have 

(2.11)  I  I  (u+v  > |u+v  I 2*~2vdx  -  )  |v  |2  dx|  » 

a  o 

u(x)«  2*-2 

■  I  J  J  ST  l(v  +  5)|v  +  Cl  *  lv  d?dx|  - 
0  0  * 


‘6' 


1  2*-2 

“  | (2*-1 )  ]  I  | v  ♦  tul  v  u  dtdx  | 
flO  " 

*  const.  [  ]  (|u|  |v  I2  +1  ) v  )  |u|2  _1)dx  ]  -  oil) 

a 

and  (2.10)  easily  follows  froa>  (2.9)  and  (2.11). 

Sines 

<  df.  (u  ),  u  >  «  o(1) 

a  *  m 

ws  have 

lul2*  ’  J‘lVuJ2  -  +  o(1> 

ni  a  ^  n  n 

Inserting  into  the  expression  for  f^(un)  we  obtain 

(2.12)  f,(u  )  -  -I  J(|Vu  |2  -  X |u  |2)  dx  +  o(D  - 

A  m  n  ^  m  m 

-  1  J ( |7u| 2  -  X lu| 2)dx  +  I  J  |Vv  | 2dx  +  o(1) 
n  fl  n  Q  B 

Moreover,  since  u  is  a  solution  of  (0.1) 

J  ( |7u|  2  -  X|u|2)dx  -  J  |u|2*dx  “  <  df.(u),  u  >  “  0 

n  o 

Whence  in  particular 

(2.13)  j  ( |7u| 2  -  X |u| 2)dx  >  0 
fl 

Fro*  (2.12)  and  (2.13)  we  now  infer 
Iv^l2  *  nf^fu^)  ♦  o( 1 ) 

Then,  by  (2.1),  for  ■  sufficiently  large  we  obtain 


-7- 


<2.14) 


IvJ2  <  c2  <  Sn/2 


Mow,  by  (2.10) 


lv  I2  <  S'2*'2.*  .2* 


♦  0(1) 


Or  aquivalantly 


.V  .2<s2*/2  -  lv 


2*-2 


)  <  o<1) 


Taking  account  of  (2.14)  thia  iapliaa  that  v^  ♦  0  atrongly  in  Hq  (Q),  concluding  the 
proof •  a 

Baaark  2.3.  Coaplaatantlng  tha  pracadlng  laaaia  wa  hava  a  non-coaipactnaaa  raault  for 

anarglaa  >  ^  Sn^2.  in  fact  wa  now  ahow  that  for  any  )tl  thara  axiata  a  aequanca 

(u  }  C  h! (0)  aatiafylng  tha  P-8  aaauaptlona  In  c  *  ^  8n/2,  which  la  not  ralatlvaly 
hi  w  n 

compact  in  H* (0 ) . 

Let  x  e  n  and  chooaa  a  function  4  8  cT(fl)  auch  that  *  3  1  in  a  nalghborhood  N 

O  v 

of  xQ.  Tha  functiona  i  *"  ♦  * 


u  (x)  - 
U 


n-2 

[n(n-2)n2]  4 

2  2 
tu  +lx-xo|  )  2 


aolva  tha  aquation 


(2.15) 

Lat 


-Au  •  u  )u  1 2  2  in  Rn 

U  V  V 


u  ■  4  u  u  •  — 

•  T  u  ■  » 
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f 

\ 


Note  that  e  K ..'(!))  and  moreover 


1, 


(2.16)  (uB>  le  uniformly  bounded  in  HQ(G) 

Mao  we  eaaily  derive  that  aa  m  ♦  +• 


(2.17) 


Vu^  ♦  0  in  U2(^\N) 


(2.18) 
Hence  also 


u  *  0  in  L,  (0\{x  } ) 
m  loc  o 


(2.19)  u^  0  weakly  in  HQ(fl)  (m  ♦  ■) 

Using  (2.17)  and  (2.18)  we  deduce  that 


(2.20)  f.(uj  “hj  l*»  l2dx  I  J“  +  »  M) 

A  *n  n  y  _n  y 


IT  Um 


R  m 


-  1  Sn/2  + 


S*"‘  +  0(1) 


(cp( 1,9] ) . 


Also  using  (2.15)  —  (2.18)  we  obtain 


■  df.(u  )l  ,  »  sup  I  (Vu  Vv  -  u  |u  |2  2v)dx  +  o(1)  »  oil) 

"  »'  (fl)  veH>,  "" 

Ivl  .  -  1 
H0 


1  _n/2 


Hence  (u^)  satisfies  the  (P-S)  assumptions  with  c  •  —  S  ,  however,  by  (2.19)  and 
(2.20),  {uj  cannot  be  relatively  compact  in  Hg(Q). 


Us— a  2.4i  ror  1  >  0  let  X+  ■  inf  {X^|l  <  X^)  and  set 


M  *  •  M(X.)  (the  closure  is  taken  in  (())), 

M-  "  M(V 
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moreover,  there  axlat  constants 


>  0 ,  6^ 


guch  that 


fx(u)  >  s I  for  any  u  e  M+,  lul  -  P* 


Proof:  For  any  u  «  M.  we  have  * 

f.(u)  -ViJ  (ivul2  -  x|u|2>o* -V?  J  1»l2*ax  < 

*  tJ 

<’A(X  -X)j  |ul2dx  -  V?  J  lut2*«*  « 

+  ft  0 

<  1/2  (X+  -  X)  m*aa<0>  2/n{  J ^  |u|2*a*}2/2  - 

Let  2# 

g(p)  -  Vi  ( X +-X )oeaa ( 0 ) 2^n  p2  "  M?  P 

Then 

sup  f.(u)  <  aup  g<p>  -  *  <X+-Xin/2~a.W 

uen_  p>0 

proving  the  first  part  of  the  lemma. 


Since  for  u  e  M+  we  obtain 

|  ( | Vu| 2  -  x|u|2>ax  >  (1  "  1T>  ,u'2 

n 

while 


.  2*  2* 
|ul2#  <  COflSt  lul 


The  eecond  part  of  the  claim  is  immediate* 


By  lenmata  2.1,  2.4,  Theorem  1.1  can  b«  deduced  by  the  following  result 
Portunato  (cp  Theoren  2.4  of  [3]). 


Bartolo,  Bencl 


Theoren  2.5;  Let  H  be  a  real  Hilbert  space  with  norm  l»l  and  suppose  ICC  (H,B)  la 
a  functional  on  H  satisfying  the  following  conditional 
1,)  I(u)  -  l(-u),  1(0)  -  Oi 

lj)  There  exists  a  constant  8  >  0  such  that  the  Palals-Smale  condition  (P-S)  holds  In 

]0,B(i 

I3)  There  exist  two  closed  aubapacea  V,  W  C  H  and  positive  constants  p,  8,  9*. 
with  8  <  6'  <  B  such  that 


(1) 

l(u) 

<  8' 

for  any 

(11) 

I(u) 

>  8 

for  any 

(111)  codln  V  <  +*■  and  din  W  >  codim  V 
Then  there  exists  at  least 


din  w  -  codln  V 

pairs  of  critical  points  of  I  with  critical  values  belonging  to  the  Interval 

liJLi  •  « 


We  are  now  ready  to  prove  Theorem  1.1. 

Proof  of  Theoren  l.li  Let  H  -  h’(Q),  I  «  ty  V  -  W  -  M_,  8  -  i  sn/2  ,  8’  -  Sx, 
8  “  iy,  p  “  py  and  apply  Theoren  2.5  together  with  lenaata  2.1,  2.4.  m 


For  the  proof  of  Theorem  1.3  the  following  result  from  [2]  is  needed. 

Lesna  2.6  :  If  (v^)  Is  a  sequence  In  (H)  such  that  vm  •*■  0  weakly  In  H^h)  as 

n  ♦  »,  then 


-11- 


*  ; 


Proof  t  By  (2,  Theorem  2.21]  for  all  ♦  e  h\k),  e  >  0 

'♦'2*  *  (s*1  *  el  +  x(e>  '♦'2 

with  a  constant  Me)  independent  of  Applying  this  inequality  with  4  ”  v>(  and 

noting  that  by  weak  convergence  v  *  0  ( ■  ♦  +• )  we  have 

B 

|V_I,  *0  B  ♦  +■ 

B  4 

we  deduce  that  for  any  e  >  0 

IvJ2,  <  (S_1  +  *  oil) 

The  leaeu  follows  on  letting  e  ♦  0.  a 

Proof  of  TheoreB  1.3 

Going  through  the  proof  of  Lena  2.1.  -  keeping  in  mind  Leona  2.6  and  the  fact  that, 
for  any  sequence  {v^}  in  H1 (M)  tending  to  0  weakly  in  this  space,  *VB*2  “  0(1)  - 
it  is  now  imedlate  that  also  for  the  functional  on  H1  (M) 

fx(u)  -V2/m  (|7u|2-Mu|2)  dM  -  Vf  J|uf2*d  M 

corresponding  to  problea  (1.1)  the  Palais-Ssale  condition  is  satisfied  in  the  interval 

1-4  *"/2(. 

Moreover  it  is  easy  to  see  that  the  sane  estinates  of  leans  2.4  continue  to  hold 

(obviously  X  .  X+,  Hp(fl),  neas  SI  are  replaced  respectively  by  M..  hVm),  J  dM). 

J  3  M 

Then  Theoren  1.3  can  be  proved  by  using  again  the  abstract  critical  point  Theorem  2.5.  a 
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